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Boundary-Layer Analysis of Low-Density Nozzles, Including
Displacement, Slip, and Transverse Curvature
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Boundary layers in low-density supersonic and hypersonic conical and contoured axisym-
nietric nozzles were investigated theoretically and comparisons have been made with avail-
able experimental data. The nozzle flow conditions treated were such that a thick laminar
boundary layer existed on the wall and a small inviscid isentropic core existed along the center
line. The nonsimilar laminar boundary-layer equations including first-order transverse
curvature terms for internal (nozzle) flow were solved numerically with and without wall slip
and temperature jump boundary conditions and boundary-layer displacement effects. Solu-
tions are presented for five low-density nozzles whose exit conditions ranged in Mach number
from about 3.0 to 10.0 and in Re/ft from about 350 to 15,000. Displacement and transverse
curvature effects were significant; however, slip effects were found to be negligible. Agree-
ment between numerical results and experimental data is good, particularly in the nozzle
test sections.

Nomenclature

cp = constant-pressure specific heat
g = total enthalpy ratio, H/H0
H0 — total enthalpy in reservoir
h = —qw/(Taw — Tw\ heat-transfer coefficient
k = thermal conductivity
L = reference body length
M = Mach number
P, P0, P'0 = static, total, and Pitot pressures, respectively
Pr = iJLCp/k, Prandtl number
qw = nozzle wall heat-transfer rate per unit area
R = converging section radius of curvature
Re = pu/fjL, Reynolds number per unit length
r = radius defined by Eq. (1)
TV, T* = nozzle wall and throat radii, respectively

St = — qw/peUeH0(l-gw), Stanton number
T, TO = static and total temperatures, respectively
T(0) = slip temperature at the wall
Tof = total temperature behind a normal shock
Taw = adiabatic wall temperature
u = velocity component in x direction
u(0) = slip velocity at the wall
x = surface distance along nozzle wall
y = distance normal to nozzle wall
z = distance along nozzle axis
zm = total distance along nozzle axis
a. = nozzle wall angle
(3 = (2£/u6)due/d£, dimensionless velocity gradient
5 = boundary-layer thickness (y where u/ue = 0.995)
5* = displacement thickness
7 = ratio of specific heats
X = mean free path
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viscosity— VlQUUOltJ

= I vepeUe(rw
2/L2)dx, transformed surface distance

Jo
= mass density of gas

Subscripts

iL, E, w = nozzle center line, exit, and wall
'6 = edge of isentropic core
0 = reservoir conditions

Introduction

THE design and analysis of low-density nozzles have re-
ceived some attention in recent years.1"4 Nozzle design

is usually accomplished by applying a boundary-layer cor-
rection to some desired inviscid flow. One such method is due
to Potter and Durand,2 which was recently modified by Potter
and Garden.3 This method is based on an integral technique
which uses the similar solutions of Cohen and Reshotko.5 The
results given by this method have proved to be very useful in
designing a nozzle for a particular test section condition.
However, a problem frequently arising in practice is that of de-
termining the flow conditions which might be expected from
an existing or proposed nozzle. Similar boundary-layer solu-
tions are not applicable for such an investigation since similar-
ity cannot be satisfied in general for any specified set of reser-
voir conditions, nozzle geometry, and wall temperature dis-
tribution. Furthermore, due to the lack of any completely
.satisfactory correlation parameters, it is difficult to use ex-
perimental data from one nozzle to predict reliably how an-
other will operate.

This paper presents the results of a numerical method for
the prediction of boundary layers in axisymmetric nozzles
with specified reservoir conditions, nozzle geometry, and
wall temperature distribution, including the effects of first-
order transverse curvature (TVC),6 velocity slip and tempera-
ture jump (STJ),7 and displacement (DISP), without the re-
striction of similar boundary-layer theory. The effects of
DISP were treated by iterating upon the inviscid and viscous
flow fields until there was negligible change in the axial pres-
sure distribution along the nozzle. The nozzle flow conditions
treated were such that a thick laminar boundary layer existed
on the nozzle wall and a relatively small inviscid isentropic
core existed along the center line. Results are presented for
five nozzles which have been in operation at the Arnold En-
gineering Development Center (AEDC).

Numerical Procedure

The coordinate system used herein for internal (nozzle) flow
is illustrated in Fig. 1. This coordinate system differs from
that for external flow in the definition of the term r(x,y),
which for internal flow is defined as

r(x,y) = rw(x) — y cosa (1)
The nonsimilar laminar boundary-layer equations including

first-order TVC terms for internal, flow are considered in detail
in Ref. 8. (In Refs. 6 and 8 first-order TVC, as used herein,
is referred to as second-order TVC.) These equations were
solved by the basic numerical method developed by Jaffe,
Lind, and Smith6 with modifications made by Mayne, Gilley,
.and Lewis7 to include slip and temperature jump at the wall.

r- Effective
_ J— Inviscid

Wall
Edge of
Uniform Core

t

0.16 -

0.12

0.08

0.04

0 Throat 0.2 0.4 0.6 0.8 1.0

Fig. 1 Nozzle coordinate system.

Fig. 2 Displacement thickness for successive iterations in
the M3-A nozzle.

The boundary-layer solutions were started at the entrance
of the converging portion of the nozzles where ue was zero, and
the procedure was self starting from the known reservoir con-
ditions. The step size along the x coordinate (along the wall)
was varied throughout the nozzle depending on the anticipated
pressure gradient at a particular point in the nozzle. For ex-
ample, usually 30-50% of the total number of stations used
were located within 2 to 3 throat diameters of the nozzle
throat. No difficulty was encountered in obtaining solutions
in the throat region of the nozzles.

The data required for computation were: P0, H0, Tw(x), Pr,
nozzle geometry, and some initial estimation of P(z), the pres-
sure distribution along the axis. Since a given flow through a
nozzle will establish its own P(z) for each set of P0, H0 and
Tw(x), the final P(z) was obtained as part of the solution.
This solution was accomplished by iteration in the following
way: From the displacement thickness <>* calculated at each
station, an effective inviscid area was calculated using the cor-
responding wall radius. Taking the ratio of this effective
area to the throat area, a new P(z) was calculated from one-
dimensional perfect gas (7 = 1.4) expansion theory. The re-
sulting P(z) was then used as the next approximation to the
P(z), and the process was repeated until P (z) converged within
prescribed accuracy. This iteration process is illustrated in
Fig. 2.

Iterations 1 and 3 in Fig. 2 were obtained using a P(z) cor-
responding to a more highly expanded gas than the P(z) used
to obtain iteration 2. This oscillation about the final con-
verged P(z) existed for all solutions where DISP was included.
In all cases, the more favorable pressure gradient distributions
yielded the larger values of 5 and 6*, since both varied as
Ma/Reb, where a > 0 and b > 0, for all solutions obtained.

Because of the strong dependence of 5 and 5* on the mag-
nitude of P(z) and hence Re, special attention was given to the
initial estimation of P(z), particularly for the low PE hyper-
sonic nozzles where the boundary layers were very thick, for
the following reason: If the initial P(z) used were to corre-
spond to that obtained by taking 5* = 0, i.e., in the absence of
a boundary layer, then the first iteration using this P(z)
would give values of 6 and 5* much larger than the final con-
verged values as pointed out in the paragraph before and illus-
trated in Fig. 2. Therefore, if the nozzle actually operated
with a thick boundary layer, as in a very rarefied flow, the first
iteration might indicate that the flow had merged. For this
reason, the so-called "zeroth" iteration7 corresponding to a
P(z) calculated by neglecting DISP, i.e., 5* = 0, is in general
not an acceptable starting procedure for nozzle flow. More-
over, it was better to be conservative in the initial estimation
of P(z), and when possible a less favorable pressure distribu-
tion was used than actually existed in the nozzle considered.
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Table 1 Nozzles and operating conditions"

P0, psia
To, °K
Tw, °K
ME
ReE/H
(^W)E, in.
TE, in.
r*, in.
L, in.
zm, in.
Geometry

M3-A

0.002-0.029
300-900
110(x/L) + 100
2.60-3.50
100-3650
0.049-0.364
15.0
5.33
67.4
64.0
Conical
(a = 10°)

M3-B&

0.001-0.029
300-900
89
2.76-3.80
38-3000
0.025-0.234
15.0
5.33
67.4
64.0
Conical
(a = 10°)

Garden's

17.79
3370
333
5.20
6200
0.002
0.62
0.103
3.68
3.0
Conical
(a = 15°)

M9

30.9
2475
333
9.30
15000
0.036
2.407
0.07343
17.34
16.7
Contoured

M10

18.3
3100
333
10.15
4660
0.112
3.833
0.07405
19.62
18.67
Contoured

a Nitrogen was the test gas used in all nozzles.
& Original Mach three nozzle was modified to give better and more uniform wall cooling.

All the solutions calculated were for nitrogen, the test gas
used in the particular nozzle experiments considered. The
expression used for viscosity in all the calculations was Suther-
land's Law, and the Prandtl number used was 0.7068 (con-
stant) . All calculations were made on a Control Data Corpo-
ration 1604B digital computer.

Experimental Conditions

The conditions for the five nozzles considered are given in
Table 1. The Mach 3 nozzles (M3-A and M3-B) were oper-
ated in the Aerospace Environmental Facility (AEF) at
AEDC and the other three nozzles (M9, M10, and Garden's)
were operated in the von Karma"n Facility (VKF) at AEDC.
Available experimental data from these nozzles consist of P'0
distributions,3-8 relative heat flux,3 and nozzle wall heat-trans-
fer coefficients.4 These five nozzles provided an excellent test
for the numerical results because they provided wide ranges
in M and Ife/ft, constant and variable wall temperature dis-
tributions, very thick boundary layers, up to 8/rw = 0.90,
very strong pressure gradients (a static pressure drop of over 3
orders of magnitude in less than 2 in.), and sufficiently rare-
fied flow to produce some effects of STJ. It might also be
pointed out that solutions have been obtained for a subsonic
nozzle and a hypervelocity Mach 18 nozzle; however, due to
lack of experimental data these results are not discussed
herein.

The Mach 3 nozzles, M3-A and M3-B have identical geom-
etry but different wall temperature distributions. Both were
operated in the ARC (8V) Vacuum Chamber in AEF. The
8V is a cryogenic chamber using liquid nitrogen (Z/N2), gaseous
He, and, if necessary, LHe, to maintain a chamber pressure

T V C + D I S P -

TVC + STJ + DISP- + DISP
TVC + STJ + DISP

} Tw = Variable

• Tw = 100°K

100°K) = °-°65 in- at X/L = l °

0 Throat °-2 °-4 °-6 0-8 1-0
x
L

Fig. 3 Displacement thicknesses in the M3-A and M3-B
nozzles.

during a run of 10~~4 to 10~5 mm Hg depending on the mass
flow rate through the nozzle. The chamber operation was
continuous; however, the cryopanels in the chamber had to
be brought up to room temperature every few hours to release
the condensed gases on their surfaces. The walls of both
nozzles were cooled with LN2 to reduce the boundary-layer
growth, but the cooling arrangements differed. The M3-A
nozzle had an Z/N2 cooling jacket in the throat region, and then
LN2 was forced through copper tubing wrapped around the
remaining downstream portion of the nozzle. This arrange-
ment produced a wall temperature distribution that could be
closely approximated by Tw = 110 (x/L) + 100, °K. On the
M3-B nozzle, an Z/N2 jacket was used in place of the copper
tubing. This resulted in a uniform, constant Tw of 89°K, a re-
duction of 121 °K at the nozzle exist. The exit Mach number
was increased by about 10% at P0 = 0.01 psia and 77

0=300°K
due to the colder wall.

The designs, operating conditions, and pumping systems of
the Garden's, M9, and M10 nozzles have been discussed in
detail elsewhere.3'4 These three nozzles differ from the M3
nozzles primarily in the type of pumping system used and in
the fact that an arc heater was used to produce the high total
enthalpies required, whereas resistance heaters sufficed to pro-
duce the Ho's required for the M3 nozzles. The technique
Garden used to measure local heat-transfer coefficients is dis-
cussed in Ref. 4. A brief discussion of the method used to
measure relative heat flux is given in Ref. 3. A continuous
distribution of P0' in the M9 nozzle was measured by connect-
ing the Pitot probe to a linear potentiometer, which in turn
was connected to an x-y plotter along with the signal from
the Pitot probe pressure transducer. Thus, it was possible to
produce a continuous trace of P0' data as a function of posi-
tion rather than discrete points.

P ' 0.6 -
-— Numerical Result

with TVC and DISP
Experimental Data

- Numerical Result
with TVC and DISP
Experimental Data

-Error Band Represents
Accuracy of Actual
Location of Pitot Probe

0.4 0.6 0.8 1.0

Fig. 4 Calculated and measured Pitot pressure distribu-
tions at exit of M3-A and M3-B nozzles.
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Table 2 Comparison with Garden's experimental data

1.

2.

3.
4.
5.

Numerical
method

Beckwith and
Cohen (local
similarities)
Incremental
flat plate
"| Jaffe, Lind,
f and Smith
/ (nonsimilar)

Pressure
distribution

Garden"

Garden0

Garden0

Iterated6

Iterated6

Higher-
order
effects

None

None

None
DISP
DISP + TVC

+ STJ

Source

Ref. 4

Ref. 4
)This
j paper

a One-dimensional expansion for ideal gas (7 = 1.4).
6 Iterated viscous-inviscid ideal gas (7 = 1.4). One-dimensional expansion.

Results and Discussion

Mach Three Nozzles

A comparison of the displacement thickness in the conical
M3 nozzle for two different wall temperature distributions,
each with and without STJ, is given in Fig. 3. There is
slightly more difference between the solutions with and with-
out STJ for the variable wall temperature [Tw = 100 (x/L) +
100, °K] than for the constant wall temperature (Tw = 100°K)
due to the larger mean free path \w near the hotter wall.
The \w Sit the nozzle exit was 0.140 in. for the variable -Tw
and 0.065 in. for the constant -Tw conditions. For this par-
ticular nozzle, reservoir conditions, and wall temperature dis-
tributions, the effect of including STJ was to increase ME less
than 1%.

Figure 4 compares calculated and measured Pitot pressure
distributions for the M3-A and M3-B nozzles. The measured
values for the M3-A were corrected for viscous effects as de-
scribed in Ref. 8; however, the corrections had little effect on
the absolute values of the measurements. For the M3-B,
the Po measurements were not corrected for viscous effects.
The probe carrier used in obtaining the experimental data in
the M3-B nozzle was more accurate in positioning than the
one used in the M3-A, and an error band representing the
probe location is not shown for the M3-B data. The agree-
ment between theory and experimental data in Fig. 4 is good.

Garden's Nozzle

Garden4 designed a low PE axisymmetric nozzle to permit
measurement of the wall heat-transfer distribution qw(x). He
also used several approximate theories (e.g., Cohen and Resh-
otko integral method,9 Beckwith and Cohen local similarity,10

and Pasqua et al. incremental flat-plate method11) to predict
the wall heat-transfer coefficient h. A comparison of Garden's
experimental data and two of his numerical solutions with
numerical results from the present analysis is shown on Fig. 5
and Table 2. Both of Garden's solutions and one from the
present analysis used the same one-dimensional perfect gas
(7 = 1.4) expansion theory. The remaining two solutions
from the present analysis included the effects of DISP on the
one-dimensional inviscid P(z). In comparing the present
numerical results with Garden's numerical results based on the
same P(z), it is significant that the prediction from the nonsim-
ilar boundary-layer theory falls below both the local similarity
and incremental flat-plate predictions. The inclusion of the
nonsimilar terms has in all known previously published in-
vestigations led to substantial increases in qw in regions of
strong favorable pressure gradients (see e.g., Marvin).12

However, it is also significant that the predictions of the throat
qw* from both approximate methods used by Garden and
shown on Fig. 5 and Table 2 strongly depended upon a refer-
ence qw which was taken near the exit of the nozzle. It will
be shown later that qw, particularly near the nozzle exit, can

Experimental, Corrected for
Axial Conduction (Ref. 4)

•S -0.6 0 1.0
^ Distance from Throat, in.

Fig. 5 Calculated and measured heat-transfer coefficients
in Carden's nozzle. (See Table 2 for key to theoretical

calculations.)

be substantially affected by transverse curvature which was
not included in calculating the reference qw nor in the approxi-
mate theories. In comparing the present numerical results
with the experimental data, one should note the strong effects
of displacement on the numerical results and the large correc-
tion for axial conduction on the experimental data in the
throat region. Garden4 discussed a "rough calculation" pro-
cedure he used to correct for axial conduction. He also dis-
cussed the effects of thermal radiation on the experimental
data and the influence of the one-dimensional flow model on
the numerical results. The influence of these effects has not
been determined. Further experimental and numerical in-
vestigations are needed to explain the large differences between
the experimental wall heat-transfer data and the numerical
predictions.

Figure 6 indicates the effects of STJ and first-order TVC on
the Stanton number for Carden's nozzle. Notice that for
internal flow, contrary to external flow, the effect of first-order
TVC was to decrease rather than increase the Stanton num-
ber.

Mach Nine Nozzle

Figures 7 and 8 show good agreement between numerical
results and experimental data for the M9 nozzle.8 The
solutions were obtained by approximating the contoured noz-
zle wall downstream of the throat by a conical wall. The
continuous distribution of measured P0

f in Fig. 7 was obtained
using a linear potentiometer and an x-y plotter as discussed
earlier. No viscous correction was applied to the measured
PO distribution in Fig. 7 since the correction was less than 2%
over most of the boundary layer.8 In Fig. 8, the discrepancy
between measured values of relative heat flux, i.e., TV/To/(L,
and the calculated values of H/H0, was less than 4%.

-1.0 o i.o
Distance from Throat, in.

Fig. 6 Calculated Stanton number distribution in
Carden's nozzle.
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fig. 7 Calculated and measured Pitot pressure distribu-
tions at exit of M9 nozzle.

Figures 9 and 10 show some results of two solutions for the
M9 nozzle that indicate the effects of first-order TVC only.
These solutions were obtained using the actual contoured
nozzle wall. The same P(z) was used for each solution, and
the displacement effect was not iterated. Figure 9 indicates
the importance of including first-order TVC in the case of a
thick boundary layer. The calculated 5E (x/L = 1.0) shown
in Fig. 9 was reduced about 15% when first-order TVC was
neglected. For this particular nozzle and operating condi-
tions, the drop in calculated P0

f occurred at the edge of the
boundary layer as shown in Fig. 8. If the location of the drop
in calculated P0

f in Fig. 7 were displaced 15% by neglecting
first-order TVC, then a significant error would be involved in
predicting the P0' distribution. The reduction in qw result-
ing from the first-order TVC effect is illustrated in Fig. 10,
including first-order TVC reduced qwE by 28%. It should be

o Pitot Pressure Measurement (from Ref. 3)
x Relative Heat Flux Measurement (from'Ref. 3)
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7 . 0 ,
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0.9
1.0

H/Hn

0.9
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0.9
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Fig. 8 Calculated total enthalpy distribution, calculated
edge of boundary layer, measurements of relative heat flux,
| and measurements of Pitot pressure in M9 nozzle.

0 Throat 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 9 Boundary-layer and displacement thickness in
contoured M9 nozzle with and without TVC.

pointed out that inclusion of DISP and STJ will also affect
the prediction of d (x) and qw (x).

Figure 11 compares boundary-layer and displacement thick-
nesses as calculated by the present method and the method of
Potter and Garden3 for the same contoured nozzle and axial
pressure distribution. The P(z) used to obtain the results for
the numerical comparison in Fig. 11 was that used by Potter
and Garden in the design of the nozzle; however, this was not
the experimentally measured P(z) that actually existed in the
nozzle when it was operated. In order to compare the pre-
dicted P(z) in the nozzle using the present method with the
actual P(z)j a comparison of the calculated 5*/rw including
DISP with experimental values of d */rw is made in Fig. 11. It
is difficult to completely determine the difference between the
two numerical methods based upon the measured P(z).
However, in view of the comparison in Fig. 11, the present
method including DISP predicts d and 5* well for this nozzle.

It is interesting to note that the pressure gradient param-
eter, ft, reached a maximum of about 9 near the throat of this
nozzle and dropped to about 0.04 near the exit.8 Thus simi-
larity solutions (e.g., Cohen and Reshotko5) are not applica-
ble { for these nozzle flows especially in the throat region.
It has been shown by Lewis and Whitfield13 that a breakdown
of similarity in regions of strong favorable pressure gradients
can substantially affect the prediction of the boundary-layer
growth downstream of the breakdown in similarity.

Mach Ten Nozzle

Figure 12 shows good agreement between calculated and
measured P0' distributions3 for two locations in the test sec-
tion of the M10 nozzle. The numerical results in Fig. 12 in-
clude the effects of first-order TVC and STJ but not DISP,

2 -

STJ and DISP Not Included

No TVC

Throat
i

0 ' 0.2 0.4 0.6 0.8 1.0
x
L

Fig. 10 Heat-transfer distribution in contoured M9
nozzle.

J The streamwise variation of some terms which are neglected
in similarity solutions is given in Ref. 8.
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The pressure distribution downstream of the throat which was
used in the numerical calculations was obtained by computing
the P(z) in a conical inviscid nozzle with ME = 10.15 (the
measured ME). The P(z) upstream of the throat was ob-
tained by using the geometric wall and assuming that the flow
in this region was inviscid. This was a good assumption
upstream of the throat for this nozzle since d* was very small
and even negative in the vicinity of the throat due to the cold
wall, i.e., TW/T0 <3C 1. One-dimensional, 7 = 1.4, expansion
theory was used to compute P(z) both upstream and down-
stream of the throat.

Some Effects of Velocity Slip and Temperature Jump

Figures 13 and 14 indicate the magnitude of the velocity slip
and temperature jump calculated for the M3-A nozzle, Car-
den's nozzle, and the M10 nozzle. From Fig. 13 notice that
the flow merged, i.e., the boundary layer completely filled the
nozzle, for the M3-A and M10 nozzles before a velocity slip of
10% was reached. Notice also from Fig. 13 the M3-A nozzle
had the largest amount of velocity slip and in Fig. 14 the M10
nozzle had the largest temperature jump. This was due in
part to the difference in the relation between the axial gas
static temperature distributions in the nozzles and Tw(x)'s.
Also, the nature of the gas static temperature profile across the
boundary layer was different in each nozzle, and this had sig-
nificant affect on the calculated temperature jump. To illus-
trate this effect, consider Fig. 14 where negative values of
[T(0) - TW]/TW occurred in the M3-A nozzle when Te/Tw
dropped to about 0.8; whereas, for the M10 nozzle, the curve
of [T(Q) — TW]/TW is everywhere positive and monotone in-
creasing and Te/Tw is below 0.5. These effects are caused by

0.50
yfyf?

0.75 1.00 0.75 0.50

Below (j) •*!*• Above (j) y\

Fig. 13 Velocity slip in M3-A, M10, and Garden's nozzle.
(All results with STJ and TVC and without DISP.)

the difference in the slopes of the static temperature profiles in
the vicinity of the wall.8

Nozzle Design

The aforementioned method was recently extended to de-
sign a nozzle for a particular test-section condition. The pro-
cedure consisted of specifying the desired P(z), P0, H0, Pr,
Tw(x), effective inviscid nozzle geometry, and an initial esti-
mate of the actual nozzle geometry. Iteration was then per-
formed on rw(x) instead of on the P(z) as was the case for an-
alyzing the boundary layer in a specified nozzle. Each suc-
cessive approximation to rw(x) in the iteration process was ob-
tained by adding 5* cosa to the effective inviscid wall radius.
The solutions were less sensitive to rw(x) than to P(z) and
convergence was more rapid.

Conclusions

The first-order (Prandtl) boundary-layer equations, modi-
fied to include first-order transverse curvature (TVC) and
velocity slip and temperature jump (STJ) terms and includ-
ing the effects of displacement, were applied to low-density
supersonic and hypersonic nozzle flows and results were com-
pared with experimental data. The major conclusions were
as follows:

1) The method well predicts boundary-layer (d) and
boundary-layer displacement (5*) thickness distributions
along the nozzles, Pitot pressure and stagnation temperature
distributions normal to the nozzle axis, and nozzle exit condi-
tions.

T(0)-TW

M10
Flow

jMerged

Mhroat
(M10 Nozzle)

.Throat -uFlow Merged
(Garden's Nozzle)

Fig. 12 Calculated and measured Pitot pressure distribu-
tions in test section of M10 nozzle.
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Fig. 14 Temperature jump in M3-A, M10, and Garden's
nozzle. (All results with STJ and TVC and without

DISP.)



468 D. L. WHITFIELD AND C. H. LEWIS J. SPACECRAFT

2) TVC had a significant effect on 5 and 5*, especially
near the nozzle exit where the effect was as large as 15%.

3) Predictions of wall heat-transfer rate were not as good
as those of earlier methods. However, the earlier methods
were more approximate, involved arbitrarily defined refer-
ence quantities, and predicted about the same heat-transfer
rate as the present method when no higher-order effects were
included, and fortuitous agreement was obtained with the ex-
perimental data. More experimental investigation is needed.

4) Effects of a variable wall temperature distribution were
larger than the effects of STJ.

5) The method has been successfully applied to a nozzle
where d is 90% of the nozzle radius. The method can there-
fore be applied so long as an inviscid core exists, even though
the size of the inviscid core is only 1% of the cross-sectional
area of the nozzle.
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